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This paper is concerned with the question whether the lattice sum (join) 
V $ V’ of two finitely based lattice varieties V and V’ is finitely based. An 
example is constructed showing that this is not always the case. On the other 
hand, it is proved that if V C M and (V’)* = (N)‘, then V + V’ is finitely based. 
Here M and N are, respectively, the variety of all modular lattices and the 
variety generated by the pentagon (the five-element nonmodular lattice), and 
(V)n is the variety defined by all those identities with n variables or less that 
hold in V. In particular, M + N, the unique lattice variety that covers M, is 
finitely based. 
1. INTRODUCTION 
In [I], Baker considers a congruence distributive variety U and a 
positive universal subclass K of U and shows how to find a set of identities 
defining K”, the variety generated by K. In particular, if V and V’ are 
subvarieties of U, then this yields a set of identities for V + V’ = 
(V u V’)“, the lattice sum, or join, of V and V’. In general, Baker’s set of 
identities is infinite, even when U and K are strictly elementary, although 
he gives several examples where an additional argument shows that his 
set can be replaced by a finite subset. The obvious question whether 
such a finite set always exists is answered negatively by our first result. 
THEOREM I. I . There exist jinitely based lattice varieties V and V’ szrch 
that V + V’ is nat finitely based. 
We then seek sufficient conditions for V + V’ to be finitely based. 
Let M be the variety of all modular lattices and N the variety generated 
by the pentagon, i.e., by the five-element nonmodular Iattice. For any 
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variety V and natural number n, let (V)” be the variety defined by all 
identities in n variables that hold in V. Our second principal result can 
now be stated. 
THEOREM 1.2. Sf V and V’ are $Fnitely based lattice varieties, and if 
V C M and ( V’)3 = (N)“, then V + V’ is fi&ely based. 
In particular, taking V = M and V’ -:I N, we see that M + N, the 
unique lattice variety that covers M, is finitely based. 
‘I’heorem 1. I was announced in [7] and a weaker form of Theorem 1.2 
in [5]. 
Suppose [a, b] and [c, d] are intervals in a lattice L. I f  bc =: a and 
b +- c = d, then [a, 61 is said to transpose up onto [c, cl], and [c, d] is 
said to transpose dmwx onto [a, 63. If there exists a sequence of intervals 
such that, for i =m 0, I,..., n - 1, [ai , bi] transposes up or down onto 
[aiil, bill], then [a, b] is said to project onto [c, d] in n steps. If this holds 
for some n, then [a, b] is said to project onto [r, d]. We also need the 
notion of weak projections. If there exists u EL with a + u = c and 
b + u = d or, equivalently, if a < c and B + c = d, then [a, b] is said 
to p~o&ct weakj’y UP onto [c, d]. Dually, if there exists u c L with au =y c 
and bu = d or, equivalently, if b 3 d and ad = c, then [a, b] is said to 
project weakly dowl~ onto [c, d]. If there exists a sequence of intervals 
such that, for i = 0, I ,..., n - I, [ai, BJ projects weakly up or down onto 
[ai+l , h+J then [a, bl is said to project weakly onto [c, d] in FZ steps. If 
this holds for some n, then [a, b] is said to project weakly onto [c, d]. 
This terminology differs somewhat from the one introduced by Dilworth 
(see e.g. Crawley and Dilworth [2]). Tn particular, our relation “prqjects 
weakly onto” coincides with the inverse of his “is weakly projective into”. 
The reason for not follow-ing his terminology is that we find it convenient 
to think of weak projections as maps. Thus if we refer to the maps 
x 4 x + u and x -+ xu for a fixed u as upward and downward translations, 
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then [a, b] projects weakly onto [c, dJ in n steps just in case there exists 
a function f that is a composition of n translations such that .f(a) = c 
andf(b) = d. Obviously the composition of two or more upward (down- 
ward) translations is an upward (downward) translation. Observe also 
that if a ,< c < b, then [a, b] projects weakly up onto [c, 61 and down onto 
[a, c], and that any interval projects weakly onto any subinterval of 
itself in two steps, 
By a critical edge in a subdirectly irreducible lattice L we mean a non- 
trivial interval [x, y] such that x and y are identified by every nontrivial 
congruence relation on L. Thus if 0, a, 6, c, 1 are the elements of a 
pentagon N, with a < c, then [a, c] is the critical edge of N. If the 
elements 0, a, 6, c, 1 form a (possibly degenerate) diamond D, i.e., if 
a+b=b+c=c+a=l, ab = bc = ca = 0, 
then [O, 4, CO, bl, and [O, c] are called the loever edges of D and [n, I], 
[b, 11, [c, 11 the upper edges. 
The variables in our formal language will be denoted by <,, , i& , c2 ,..., 
and the equality sign by h. If c1 is a term, A is an algebra, and u E “A, 
then we denote the value of cy at u by &(u) or, simply, by a(~). If a, b G A, 
then con,(a, b) or, simply, con(a, 6) denotes the smallest congruence 
relation over A that identifies a and 6. Con(A) denotes the lattice of all 
congruence relations over A. 
Lemma 2.1 and Corollary 2.2 below are special cases of Theorems 1.5 
and 1.2 in [ll. H owever, we include proofs of these results since they are 
quite short and make the paper more nearly self-contained. Corollary 2.3, 
which is closely related to Theorem 1 of [3], will play a crucial roIe in 
the proofs of our two principal results. 
LEMMA 2.1. Suppose U is a congruence distributive variety, and let V 
and V’ be subvarieties of U defined, relative to U, by the identities LY. fi /I 
and y *L 6, respectively. Then an algebra A E U belongs to V + V’ rf, for 
allu, vfwA, 
(i) con(44, B(4) n co+44, S(v)) = 0. 
Proof. Let B and 0’ be the smallest congruence relations over A such 
that A/6’ E V and A/t?’ E V’. Th en by [4, Lemma4.11, A~V+v’iff 
Bn%‘=O.Now 
0 = Z(con(or(u), p(u)), 26 E WA), 
8 = Z(con(r(o), S(v)), w E “A), 
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so that by the distributivity of Con(A), 0 and 8’ are disjoint iff each 
summand in the first sum is disjoint from each summand in the second 
sum, i.e., ifi (i) holds for all 2c, Q E wA. 
COROLLARY 2.2. Suppose U is a lattice variety and let V and V’ be 
subvarieties of U dejned, relative to U, by the identities LY 2 /3 and y c S, 
respectively, where the inclusions il: < p and y < 6 hold in U. Then a 
lattice L E U belongs to V + V’ zjf, fey all u, v E “L, the only quotients 
[c, d] in L such that both [E(U), /3(u)] and [y(v), S(V)] project weakly onto 
[c, d] al-e the trivial quotients with c = d. 
Proof. If both [01(a), P(U)] and [Y(V), S(V)] project weakly onto the 
same nontrivial quotient [c, d], then the congruence relations 
0 = con(a(u), B(u)), 0’ : cr)n(r(a), S(z:)) 
both identify c and d, and they are therefore not disjoint. Conversely, 
if for some choice of u and z), B and 0’ are not disjoint, then there exist 
cO , d, EL with cO < dO that are identified by both of them. The interval 
[cO , d,] can be divided into finitely many nontrivial subintervals such 
that [Z(U), p(u)] projects weakly onto each of them. If [cl , dJ is one of 
these subintervals, then it can be divided into finitely many nontrivial 
subintervals such that [y(v), 6(v)] projects weakly onto each of them. 
The interval [a(u), /3(u)] also projects weakly onto each of these sub- 
intervaIs. The conclusion now follows from the preceding lemma. 
COHOLLAR~ 2.3. Suppose U is a lattice variety and let V and V’ be 
subvarieties of U defined, relative to U, by the identities 0: *- /3 and y 1.6, 
respectively, where the inclusions LY. < p and y < 8 hold in U. In order for 
V + V’ to be$nitely based relative to U, it is necessary and suficient that 
there exist a. positive integer n with the following property: 
P(n) For any L E U, if there exist u, v E ttiL and c, d t I, with c < d such 
that both [n(u), B(u)1 and [yy(~), at41 P ro ec weakly onto [c, d], then there j f 
exist u’, v’ E wL and c’, d’ EL with r’ < d’ such that both [a(~‘), p(u’)] and 
[~(a’), a(~‘)] project weakly onto [c’, d’] in n steps. 
Proof. For each positive integer n, consider the following property 
of a lattice L: 
Q%(L) For any U, v t I% and c, d E L, if c < d, and if both [B(U), Jo] 
and [Y(V), S(e)] project weakly onto [c, d] in n steps, then c = cl. 
It is obvious that Q,(L) is an elementary property, i.e., there is a 
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first-order sentence u, such that, for any lattice L, t&(L) holds iff L 
satisfies u, . By Corollary 2.2, a lattice L E U belongs to V + V’ iff 
Q,(L) holds for every positive integer n. In other words, V + V’ is 
defined relative to U by the set Z = {ul, CT~ ,...,}. Consequently, V + V’ 
is finitely based relative to U iff it is defined, relative to U, by a finite 
subset of ,Z or, equivalently, by a single sentence (TV , since the sentences 
Us become successively stronger for increasing values of n. 
If P(n) holds, then Q,(L) implies Q,(L) for any positive integer m and 
any L E U, and V + V’ is therefore defined by c’, relative to U. Con- 
versely, if P(Yz) fails, then there must exist a lattice L E U such that 
QJL) holds but Q,(L) f ar s ‘1 f or some m, and u, therefore does not define 
V + V’ relative to U. If this is true for every positive integer pa, then 
V + V’ cannot be finitely based relative to U. 
3. PROOF OF THEOREM 1.1 
The lattice Q,, in McKenzie [8] is a splitting lattice, and hence so is 
its dual Q,,‘. That is, there is a largest variety V of lattices with Qzo $ V 
and a largest variety V’ with QO’ $ V’. An identity defining V, relative to 
the variety of all lattices,-the conjugate of Q,,-is actually computed in 
Example 7.3 of [8], but the explicit formula will not be needed here. 
We do, however, need to know that by Lemma 5.3 in [Xl, V can be 
characterized by an equation IY + /3 in three variables (because Q,, is 
generated by a three-element set) such that the inclusion 01 < fl holds 
in every lattice and that when the generators of Q,, , in a suitable order, 
are assigned as values to the variables, then OL and ,8 take as their respective 
values the upper and the lower vertices of the critical edge of Q,, . If we 
let 6 and y be the duals of the terms 0: and p, then the above statements 
can of course be dualized and applied to V’ and Q,,‘. 
We are going to prove that V + V’ is not finitely based by showing 
that the condition P(n) in Corollary 2.3 fails for every positive integer n. 
For this purpose, consider the lattice L, in Fig. 1. The three elements 
a,, , c, and 6, generate a lattice that is isomorphic to QO , and the three 
elements b2n.k1 , c’ and aznpl generate a lattice that is isomorphic to Q,,‘, 
and we may identify these two lattices with QO and QO’, respectively. 
The interval [u ,, , b,] is therefore of the form [a(u), /3(u)] and [cx~,~+~ , b,,,,] 
is of the form [r(n), S(v)]. The interval [a,, b,] transposes up onto 
[a, , b,], [azn !1 , b,,+,] transposes down onto [azn , &J, and for 
O<k<2n+ l,[a,, bl,. transposes either up or down onto [a,,.-i , b,-,] 
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and [~l,;-i , bti+J. Except for this, no interval of the form [a,;, h,J projects 
weakly up or down onto any nontrivial interval in L, . Consequently, 
Eao p hl and [h+~ I L+J P ro ect weakly onto [ai, , 6,J in k steps and in j 
272 + 1 ~ K steps, respectively, but not in fewer steps, and they do not 
project weakly onto any other nontrivial intervals. In particular, there is 
no nontrivial interval onto which both [a0 , b,] and [cz~~+~ , Zr2T,,iJ prqject 
weakIy in n steps. In order to prove that the condition P(n) fails, and 
thereby to complete the proof of the theorem, it is therefore sufficient 
to show that [n, , 21,,] is the only nontrivial interval in I,, of the form 
[n(u), B(U)] and therefore, dually, [u,,+~ , 6,,+,] is the only nontrivial 
interval of the form [Y(C), S(V)]. We do this by showing that the only 
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sublattice of L, that is generated by three elements and does not belong 
to N is the lattice Q0 . 
Suppose therefore that the sublattice A of L, is generated by three 
elements and does not belong to V. Then Q,, is in the variety generated by 
A and is therefore a homomorphic image of a sublattice of A, Since Qs 
is a splitting lattice, this implies that Qa is isomorphic to a sublatitce B of 
A. (See the proof of Theorem 6.3 in [S].) We begin by showing that 
B = Q,, . 
Let f: Q,, + B be the given isomorphism. The six-element chain 
0 < a,c < a, < b0 < b, < 1 must map onto a six-element chain in B. 
There are precisely 4 six-element chains x,, < x, < x2 < xs < x, < x5 
in L, . In all of them, x0 = 0 and xs = 1, while two satisfy x2 = a, and 
x3 = b, and the other two x, = a2n+l , x, = 6,,+, . Thus 0 and 1 must 
be mapped onto themselves by.f, while a, and b, are either mapped onto 
themselves or onto a2n+l and b2n+l . 
The casef(as) = a,+i andf(b,) = b,+r is easily excluded, for then the 
element x =f(b,) wouId have to satisfy the conditions xbznil = 0 and 
b 2n+1 < x + h&l < 1, and there is no element in L, with this property, 
Thusf(a,) = a, andf(b,) = b, + The element x =f(b,) must therefore 
satisfy the conditions xb, = 0 and 6, < a0 + x < 1, while y = f(c) 
must satisfy 0 < ya, , a, Q y, y & a0 , The only elements with these 
properties being x = b, and y = c, we infer that f also maps b, and c 
onto themselves. Inasmuch as Q0 is generated by a,, b, , and c, this 
shows that B = Q. , 
We now know that Q. is a sublattice of A. The element c is both 
additively and multiplicatively irreducible and is therefore one of the 
three generators of A. To complete the proof we shall show that the 
other two generators must be a,, and b, . Let X, be the generating set, 
and for K > 0, let Xk be the set of all sums and products of elements of 
X ,P,.ThenXO!EX,Cv+‘, and the union of the sets X, is A. 
First suppose a0 # X,, , and let K be the smallest natural number such 
that a, E X, . Then a, must be the product of two elements of X,-, , 
and this implies that either b, or b, + c belongs to X,-, . If b, # X,-r , 
and therefore 6, + c E X,+, , then b, + c must belong to X,, , for if the 
smallest integer m with b, + c E X, were positive, then b, + c would 
have to be the sum of two elements of X,-i, and this is impossible 
because neither a,, nor b, belongs to X,-r. However, the assumption 
b, + c E X,, also leads to a contradiction, for then A is generated by a 
two-element chain and one other element, and any such lattice has at 
most nine elements. 
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We must thus have b, E X,., . To show that 6, E X0 , assume to the 
contrary that the smallest natural number m with b, E X, is positive. 
Then b, is the product of two elements of X,-, , which implies that 
6, + c E X,-, . From this the desired contradiction follows by the same 
argument as was used above to show that we could not have b, $ Xk-, 
and b, + c E -YkII _ 
We have shown that if a, $ X0 , then b, E -X0 . The third member x of 
-k’, cannot be an element with x + b,c = 1 and x(b, + c) ---- 0, for then 
.4 would consist of just the seven elements b, , c, bg, b, + c, 0, 1, and x. 
This leaves only four possibilities, x = a,, b, , a2 , b, . The first three of 
these arc ruled out because then b, $ A, and the third one because then 
12~ $ A. The assumption b, E X0 thus leads to a contradiction, and we 
must have a0 E X0 . It is now a simple matter to show that b, must be 
the third member of X0 _ In fact, just as above we are reduced to 
considering the four possibilities a, , 6, , a2 , b, , and just as there the 
three are ruled out because then b, $ A. 
The proof of the theorem is now complete. 
4. SOME TECHNICAL LEMMAS 
Since N is generated by the pentagon N, every lattice in N is locally 
finite and, in particular, Fs(N) is finite. ActuaIIy, 0. Tivis Nelson 
computed a representation of this lattice as a sublattice of “N and found 
that it has exactly 99 elements. As might be expected, we will require 
some information about identities in three variables that hold in N. The 
needed facts are contained in the next two lemmas. The first lemma was 
originally discovered by Nelson with the aid of his representation, but 
we give here a more direct proof. 
LEMMA 4.1. The sublattice of F,(N) obtained by removing the three 
generators es distributke. 
Proof. If the three generators of F,(N) are x, y, and a, then the subset 
1; =F,(N) - {x,y, ) x is a sublattice of F,(N) by [6, Theorem 51. Since 
F3(N) is isomorphic to a subdirect power of the pentagon N, it is sufficient 
to show that every homomorphism of F,(N) into N maps L onto a 
distributive sublattice of N. Letting N = {O, a, b, c, l} with a < c, we 
need only consider homomorphism + that map the set {x, y, z} onto 
{a, 6, c>, and we may therefore assume without loss of generality that $ 
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maps x, y, and x onto a, b, and c, respectively. We shall show that in this 
case no element other than y is mapped onto b, so that, in particular, the 
image of L is a chain. 
Let S be the set of all elements ~EF&N) such that u G-y or C+(U) + b = I. 
It is obvious that X, y, z E S, and that if u, v E S, then u + v E S. 
Noting that the condition c$(u) + b = 1 is equivalent to 4(u) 2 a, we 
also see that if u, zi E S, then UZI E S. Thus S = F,(N). From this we infer 
that if 4(u) = b, then ~4 < y. Dually, 4(u) = b implies that u 3 y, and 
together these two implications establish our claim. 
LEMMA 4.2. For any L E N and x, y, x EL, 
“(Y + x(y + 4) = X(Y + x2). 
Proof. It is sufficient to prove that the identity holds in N, and this 
can be done by showing that the equation is satisfied in any lattice 
whenever two of three elements X, y, and ,z are comparable. In fact, in 
the six cases x < y, y < X, x < z, z < X, y < z, z < y, the two sides 
of the equation are easily seen to be equal to yz, xz, z(x + y), z, y + XX, 
and 8, respectively. 
LEMMA 4.3. For an-y L E (M + N)3 and X, y, x EL, 
x + “(Y + “(Y + 2)) = x + X(N + y). 
Proof. Since this identity obviously holds in every modular lattice, 
it is suflicient to show that it holds in the pentagon N. By Lemma 4.2, 
this reduces to showing that the identity 
x+z(y+=) ==x+J++y) (1) 
hoIds in N. Using the same notation as in the proof of Lemma 3.1, we 
may assume that {x, y, z> = {a, 6, c>. In each of the three cases x = b, 
y = b, and x = 6, we obtain the same value for both sides of (I), 
namely, 1, c, and X, respectively. 
LEMMA 4.4. If L E (M + N)3 and x, y, u” EL, then there exists a 
diamond D in L such that [x(y + xz), x(y + .z)] projects weakly q onto 
an interval containing a lower edge of D as a subinterval, and another 
lower edge of D projects weakly down onto [z(y + xz), z(y + x(y + z))]. 
Proof. The idea of the proof comes from the observation that the 
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sublattice of L generated by x, y, and z belongs to M + N, and is 
therefore isomorphic to a subdirect product of a lattice L’ in M and a 
lattice L” in N. If we take 
p -7: (x +yz)(y + z), Y z (Y + "-4~ t- 4, Y = (2 k q)(x + y), 
then the L’-components of the elements pqr, p, q, r, p + q -I- F will 
form a (possibly degenerate) diamond, and the L’-components of the 
intervals [x(y + xx), x( y + z)] and [-$y + xz), z(y + X(-Y + z)] are 
transposes of the L’-components of [pqr, p] and [pqr, Y], respectively. 
This can be verified by routine calculations or by a glance at a diagram 
of F,(M). We now want to replace p, q, and Y by new elements p’, q’, 
and T’ whose L’-components are equal to those of p, 4, and Y, respectively, 
but whose L”-components are equal to each other, For this purpose we 
take 
P' --P +!yr, 9’ - 4 + Pr, Y’: r+py. 
We claim that the elements p’q’r’, p’, q’, r’, p’ + q’ + r’ form a diamond 
with the required properties. To prove this it is sufficient to show that 
the following formulas hold in any lattice in M and in N, and hence in 
any lattice in (M + N)3: 
p'q' :.: prr, _ qry', p' + q' z p' -1. ).I --: (f + +, 
(1) 
x(y + m) :< p'q'r', p' < x(y + z) +p'q'y', (2) 
-q?? + x(y + 4) < r', p’y’r’x(y I- qy + z)) = z(y + XH). (3) 
In M we have 
py = xy -I- 5.3 + yz, p + p = (by + yp + 4(Y -I- 2) 
and p’ 1 p. From this, and by symmetry, (l)-(3) readily follow. In N, 
using Lemma 4.1, we find that 
p’ L (x +yz)(y -1 2) + (Y + x4(x -I.- XY) 
; ((x + YZ) + (Y + X.4(2 + XY))(Y -1. 4 
= ((x -t YZ) + (Y + 4X(X + Y4 + (z + XYNY + 4 
= (s + y)(x -I- -g(Y + 2). 
From this, and by symmetry, p’ = 4’ = Y, and (I)-(3) readily follow; 
in proving the second formula in (3) we make use of Lemma 4.2. 
6o7/14/4-7 
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LEMMA 4.5. (M + N)3 is finiteb based. 
Proof. It is in general true for any variety V of a finite similarity type, 
and for any natural number n, that if Ffi(V) is finite, then (V)” is 
finitely based. From this the lemma foIIows, for F,(M + N) is isomorphic 
to a subdirect product of the two finite lattices F,(M) and Fs(N) and is 
therefore itself finite. 
5. PROOF OF THEOREM 1.2 
Each of the varieties V and V’ can be defined, relative to the variety 
of all lattices, by a single identity, say by oi c /l and y + 6, respectively, 
and we may assume that the inclusions cy < p and y < 6 hold in every 
lattice. For any lattice L, let F(L) be the set of all intervals [a, b] in L such 
that a = a(~) and b = /3(u) f or some u E “L, and let G(L) be the set of 
all intervals [a, b] such that a = y(u) and b = S(u) for some u E wL. 
Every interval [a, b] that is a critical edge of a pentagon N in L must 
belong to F(L). In fact, since N $ V there exists a sequence u E wN such 
that a(u) <B(U). Th e congruence relation conN(a, b) must identify a(~) 
and /3(n) since the lattice N/conN(a, b) is distributive and hence belongs 
to V. (Disregarding a trivial case, we are assuming that V does not 
consist merely of one-element Iattices, and hence that it contains the 
distributive lattices.) This implies that a = E(U) and b = B(U), and hence 
b, 4 @(L). 
We may assume that every interval that is an upper or a lower edge 
of a diamond contained in,5 belongs to G(L). In fact, suppose the identity 
Y & 6 does not have this property. Assuming, without loss of generality, 
that the variables Ci with i < 5 do not occur in the given identity, 
consider the terms 
Since the identities y’ + S’ and y” =z= 8” hold in N by Lemma 4.2 and 
by duality, and therefore hold in (V’)a, we may replace the identity 
Y e-6 by 
Y + (Y’ + Yfl) *L 6 + (8’ + 8”). 
If pqr, p, q, r and p + 4 + r are the elements of a diamond D in L, and 
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if we take t+, = p, u 1 = 4, uz = Y, and I+ = pqr for k > 3, then y(u), 
y”(u), 6(u), and S”(U) are equal to py, while Y’(U) = pqr and S’(U) = p. 
Therefore, the two sides of the new equation take on the values pqt and 
p, respectively. Similarly, if we let ZQ, = p, uq = q, ug = T, and uk = pqr 
for all other values of k, then the values of the two sides of the new 
equation are equal to p and p + q + Y. Consequently, if we use the new 
equation in place of the original one, then any upper or lower edge in a 
diamond in any lattice L belongs to G(L). 
Letting U = (M + N)3, we are going to show that the condition F’(n) 
in Corollary 2.3 holds with n = 6. Since U is finitely based by Lemma 
4.5, this will imply that V -.I- V’ is finitely based. 
Consider a lattice L E U, and suppose there exist intervals [a, h] and 
[a’, h’], one of them inF(L) and the other in G(L), both of them projecting 
weakly onto the same nontrivial interval [c, d] in L, say, in WI steps and 
m’ steps, respectively. Assuming that the three intervals have been so 
chosen that m + m’ is as smal1 as possible, we shall show that the 
assumption m > 6 leads to a contradiction. 
There exists a sequence of intervals 
such that, for successive values i = 0, l,..., wz - 1, [ai , bJ projects 
weakly alternatingly up and down onto [Q~ , b(,,]. Choose some integer 
k with 2 < K < m - 3. To be specific, suppose [ai,-, , bI,-,] projects 
weakly up onto [ale , b,J and [czk , b,] projects weakly down onto 
bk,l ) &+11- l-h e a *t ernative case can be treated dually. l‘o simplify the 
notation, let 
We then have 
x = 6,-l , y = akI z = bk,, . 
Observing that &.+, = z = Z(X + y) and ak,.l = yx, consider the 
following four subintervals of [ak+l , b,,,]: 
At least one of these intervals must project weakly onto a nontrivial 
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subinterval of [c, d]. Letting 1 be the first interval for which this is true, 
we consider four cases. 
case 1. I= MY + X(Y + 41, x(x + Y)l. 
By Lemma 4.3, I is the critical edge of a pentagon N in L, and therefore 
I EF(L). Now [a, b] projects weakly onto I in K + 2 steps, and I projects 
weakly onto itself in 0 steps. If [a, 61 E G(L), then this contradicts the 
minimality of nz + m’. By hypothesis, I projects weakly onto a nontrivial 
subinterval [c’, d] of [c, d] in m ~ a - 1 steps, and [a’, 6’1 projects 
weakly onto [c’, d] in m’ + 1 steps. If [a’, b’] E G(I,), then this contradicts 
the minimality of m + m’. 
Case 2. I = [z(y + xz), z(y + x(y + z)]. 
By Lemma 4.4 there exists a diamond D in L, say with elements pqr, 
p, q, Y, p + q + Y such that [x(y + XX), x(y + a)] projects weakly up 
onto an interval containing [pqr, p] as a subinterval and another lower 
edge of D, say [pqr, P], projects weakly down onto I. Since I is nonttivial, 
the diamond D must be nondegenerate. Then [a, b] projects weakly onto 
[pqr, p] in k + 2 steps, and [ pqr, p] projects weakly onto itself in 0 
steps. If [a, b] EF(L), then this contradicts the minimality of m + m’, 
because k + 2 < m < m + m’. Also, the lower edge [ pqr, P] of B 
projects weakly onto a nontrivial subinterval [c’, d’] of [c, d] in m - K - 1 
steps, and [a’, b’] projects weakly onto [c’, d’] in ni + 2 steps. If 
[a’, 6’1 EF(L), then this contradicts the minimality of m + m’. 
Case 3. I = [xx + yz, z(y + m)]. 
Since the identities 
y + (xx + y) = y + “(Y + x2), y(= +y4 = F(Y + x.4 
hold in every lattice, I is a critical edge of a pentagon and therefore a 
member of F(L). Now [a, b] projects weakly onto 1 in k + 3 steps and I 
projects weakly onto itself in 0 steps. If [a, b] E G(L), then this contradicts 
the minimality of m + m’. Also, I projects weakly onto a nontrivial 
subinterva1 [c’, d’] of [c, d) in m - k - 1 steps, and [a’, b’] projects 
weakly onto [c’, d’] in m’ + 2 steps, and if [a’, b’] E G(L), then this 
contradicts the minimality of m + m’. 
Case 4. I = [yz, xz + yz]. 
In this case I projects weakly onto the whole interval [c, d] for 
otherwise one of the three cases already considered would apply. The 
interval rake2 , 6,+.J projects weakly down onto [u~-,xx, XX], which 
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projects weakly up onto [Us ,.2 , u/:+2 + x]. (Notice that CL,,.~~XZ = 
alc-1z < y.c = aktl < ali+2 ,) Since this last interval is the image of 
[ye, xz + -YZ], it must project weakly onto the whole interval [c, d] in 
m - Iz - 2 steps. Thus [a, 61 projects weakly onto [c, d] in m - 2 
steps, once more contradicting the minimality of lrl + m’. 
This completes the proof of the theorem. 
5. REMARKS AND EXAMPLES 
It would of course be possible to write out explicitly a basis for the 
identities in the variety V -t- V’ in Theorem I .2. First we would find a 
basis for the identities in the variety U = (M + N)3; this can be done 
routinely from the operation tables for F,(M + N). Then, using the 
techniques developed by Baker in [I], we would find a finite set of 
identities defining V + V’ relative to U, and the union of these two sets 
would then be a basis for the identities in V -+- V’. Needles to say, such 
an axiom system wouId be quite complicated and highly redundant. 
We have made no attempt to find simple axiom systems for these 
varieties, not even for M + N. 
The hypothesis (V’)3 = (N)3 in ‘l’heorem 1.2 is of course very restric- 
tive. For example, of the 16 varieties that are known to cover N, only 
three satisfy this condition. In the notation of McKenzie [8], these are 
the ones generated by N6 , by Q1, and by the dual of Q1 . (Of course, 
one of the remaining 13 varieties, the one generated by the pentagon and 
the diamond, is not interesting in this context.) There are, however, 
infinitely many finitely based varieties that satisfy this condition. For 
example, consider McKenzie’s lattices N,, , p = 6, 7,... . These are all 
subdirectly irreducible, and they are pairwisc nonisomorphic. Hence the 
varieties N, that they generate are pairwise distinct. To see that (NJ = 
(N)3, we need only observe that any sublattice of N, that is generated 
by three elements belongs to N. 
Addrd iu proof. K. Baker has constructed another cxamplc of finitely based lattice 
vuricties whose sum is not finitely bawd. His construction is quite diffcrcnt, alld ill order 
to show that the sum is not finitely based he gives nn example of a member that is nn 
ultraproduct of nonmembers. Baker’s proof has not been published, but there is IW 
doubt that he has priority as far as the discovery is concerned. 
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